Introduction
In the usual notations, let D ν (z) denote the parabolic cylinder function (or the WeberHermite function) of order (or index) ν, defined by (cf., e.g., [ 
where 1 F 1 is the confluent hypergeometric function:
with the Pochhammer symbol (a) k given by , c 1 and c 2 are constants, which may be different for x → +∞ and x → −∞. By setting ν = −iλ − 1 2 , the Cherry expansion (1.5) can be put in the more elegant form:
Although the parabolic cylinder function D ν (z) is related to the familiar Whittaker func-
the Cherry transform in (1.7) involves integration with respect to the first index of the Whittaker function, and (therefore) differs from the index transform considered recently by Srivastava et al. [7] (see also [10] , [13] and [15, p. 203] ). Other classes of integral transforms with Whittaker's function as their kernels include (for example) those of the convolution type and related to the Mellin convolution (cf. [4] , [5] and [6] ) and those of the index type that generalize the celebrated Kontorovich-Lebedev transform (cf. [15] ; see also [12] , [13] and [14] ).
In this sequel to the recent paper [7] , we first show that the Cherry expansion in (1.7) is, in fact, an eigenfunction expansion arising from a certain singular Sturm-Liouville boundary value problem associated with the differential equation (1.3). Our assertion then enables us to prove, in Section 2, a Plancherel-type theorem for the Cherry transform. Another Plancherel-type theorem, obtained in Section 3 of this paper, is based upon the composite structure of the Cherry transform. It should be remarked in passing that this composite structure is potentially very useful in the generalization of the Cherry transform to index transforms with Meijer's G-function as the kernel (see, for details, [11] and [12] ).
A Related Singular Sturm-Liouville Problem
In this section we will show that the Cherry transform is related to a singular SturmLiouville problem on the whole line. As a consequence, a Plancherel-type theorem for the Cherry transform is established.
Let us consider the following singular Sturm-Liouville problem:
with q(x) being even on R such that the spectrum of the singular Sturm-Liouville problem (2.1) is the whole R. Let φ(x, λ) and θ(x, λ) be the solutions of the equation (2.1) such that
There exist two functions m 1 (λ) and m 2 (λ) analytic in the upper half-plane such that, as a function of x,
is in L 2 (−∞, 0), and
is in L 2 (0, ∞), for non-real λ. Moreover, since q(x) is even, we have m 1 (λ) = −m 2 (λ). In addition, there exist two non-decreasing functions ξ(λ) and ζ(λ) such that
where the symbol means the imaginary part of a complex-valued function.
It is a known fact [8] 
belongs to L 2 (R, dζ), and
belongs to L 2 (R, dξ). The following inversion formula:
holds true; and in addition, the Parseval equality:
is valid. Now we are ready to consider the differential equation (1.3). Four solutions w(z) of (1.3) are the following parabolic cylinder functions:
and
Making a change of variables z = e πi 4 x and ν = − 1 2
−iλ, we arrive at the following singular Sturm-Liouville problem:
|y(±∞)| < ∞ and accordingly,
is even, q(x) → −∞ as x → ±∞, and the integral
there is a continuous spectrum over (−∞, ∞) (cf. [9] ), and the formulas (2.4), (2.5), (2.6) and (2.7) hold true. Using the relations:
and 10) it is easy to see that . Consequently, the following asymptotic formulas for the parabolic cylinder (cf. [2, Vol. II]) can be used:
Hence, letting N = 0 in (2.13) and (2.14), we obtain
If λ is in the upper half-plane (λ = τ + iδ; δ > 0), then
Consequently, we observe that
for all λ in the upper half-plane and also if and only if the term x
vanishes, that is,
By using the reflection formula for the Gamma function, we have
, and therefore, we have
So, finally, the formulas (2.4), (2.5), (2.6) and (2.7) take the forms:
respectively. Further, we have
Similarly, 
So, if we putF
then the formulas (2.17), (2.18), (2.19) and (2.20) becomẽ 
respectively. Since
the formula (2.24) can be simplified as follows:
(cosh λπ) 
we get
(−e we get the following equalities:
which coincide with the Cherry expansion (1.7).
Composite Structure of the Cherry Transform
To derive another Plancherel-type theorem for the Cherry transform, we rewrite the Cherry expansion (1.7) in the following form: 
; −y}; x , (3.8)
4 ; y}; x , (3.9)
; y ; −t (3.10)
; y ; t . and
as well as F and F −1 are the Fourier transform and its inverse, respectively (cf. [8] ): 3.14) and
The composite representations (3.8) and (3.9) of the transforms D + and D − are key tools in studying the Cherry expansion (3.1). The composition approach has been developed in [11] , [12] and [13] to study index transforms. For a class of index transforms studied in [13] and [15] )) we denote a subspace of L 2 (R) consisting of all square-integrable functions f (t) such that the Fourier transforms of f (t)e it 2 4 vanish on the negative (positive) part of the real axis. These spaces are Hilbert spaces and their elements can be analytically continued onto the whole upper (lower) complex half-plane. Any function f ∈ L 2 (R) can be uniquely factorized by
where
).
Applying the Parseval equalities for the Mellin and Fourier transforms [8] :
to the composite representations (3.8) and (3.9), we obtain the following Parseval equalities for the transforms D + and D − :
¿From the composite representations (3.8) and (3.9), the Parseval equalities (3.14) and (3.15) , and the mapping properties of the Fourier and Mellin transforms, by standard procedure we can expand these identities to the whole spaces L Comparing the composite representations (3.8), (3.9), (3.10) and (3.11), it is easy to see that (3.10) is the inverse of (3.8), and (3.11) is the inverse of (3.9). Hence the operator D 
We sum up our results in the following Plancherel-type theorem: , admit the inversion formulas (3.4) and (3.5), and satisfy the Parseval equalities (3.18) and (3.19), respectively. Furthermore, the expansion formula (3.1) holds true in L 2 (R).
